In this paper we study a series-parallel system consists of n blocks connected in series. Each block consists of m i components connected in parallel such that 1 ≤ i ≤ n. All components are independent and non-identically distributed and have a failure rate as a function of time. All components are distributed as linear exponential distribution. We discuss four methods to improve the performance of the original system reliability. We derive the equivalence factors of the original system to be as an improved system according to these methods. We discuss special cases of this system. Finally, numerical results are presented.
Introduction
In our life, series-parallel structure systems are found in many applications and then we shall study and improve their performance. Many papers studied reliability and equivalence factor for simple and complex systems with constant failure rate and changeable failure rate as a function in time.
Alghamdi and Percy [13] , improved a system of a series parallel system distributed as exponentiated weibull life time distribution. Sarhan [10] , improved another system of components connected in series and each component was distributed as exponential distribution. Råde [7, 8, 9 ] Sarhan and Mustafa [11] , Mustafa and El-Bassoiuny [3] and Mustafa and El-Faheem [5] improved other various systems by applying the concept of reliability equivalence factor. Mustafa [2] , applied the reliability equivalence factor techniques to a system consists of n independent and non-identical components connected in series with mixed constant failure rates. Mustafa and El-Faheem, [4] , generalized reliability equivalence factor technique and applied it to a system consists of m independent and non-identical lifetimes distributions with mixed failure and delayed lifetimes rates. Xia and Zhang [12] applied the reliability equivalence factor of a parallel system with n independent and identical components distributed as Gamma life time distribution. Mustafa [2] derived the reliability equivalence factor for a series system with non-constant failure rates. Ezzati and Rasouli [1] studied the Radar system with linear-exponential distribution with non-identical components.
In this paper, we study the series-parallel system with failure rate as a function of time such that each component is distributed as linear exponential distribution and improve it according to four different methods:
1. Reduction method. In this method it is assumed that the component can be improved by reducing its failure rate of the systems components by the factor ρ, 0 < ρ < 1.
2. Hot duplication method. This method assumed that the component is duplicated by another standby one connected on parallel.
3. Cold duplication method. It is assumed in this method that the component is duplicated by another standby one with a perfect switch.
4. Cold duplication with imperfect switch method. It is assumed in this method that the component is duplicated by another standby one with an imperfect switch.
Reliability equivalence factor is a factor by which a characteristic system design of components has to be multiplied to equal a characteristic of this design and a different design.
In Section 2, the original system is introduced and its reliability function is calculated. In Section 3, the original system is improved according to reduction, hot, cold and cold with imperfect switch methods. In Section 4, the equivalence factor is calculated for the original system and improved systems. The δ-fractiles for the original system and improved systems are introduced in section 5. Finally, numerical example and numerical results are presented in section 6.
The Original System
Suppose a system consists of n blocks of components connected in series. Block i consists of m i components connected in parallel and all components are independent and non-identically distributed, see Figure 1 . Suppose that all components are distributed as linear exponential distribution. Let R ij (t) denote the reliability function of component j in block i (j = 1, · · · , m i , i = 1, · · · , n), R i (t) denote the reliability function of the block i and R(t) denote the reliability function of the whole system. It is obvious that:
where
The mean time to failure (MTTF), is given as
3 Improved Methods
In this section, we improve the performance of the series-parallel system by improving some systems components according to four methods:
1. Reduction method. In this method we improve the system performance by reducing the failure rate of the components belong to the set A of the systems components by the factor ρ, 0 < ρ < 1.
2. Hot duplication method. In this method we improve the system performance by adding hot component to some components belong to the set B of the systems component.
3. Cold duplication method. In this method we improve the system performance by adding cold component connected by a perfect switch with the same component belong to the set B of the systems components.
4. Cold duplication with imperfect switch method. In this method we improve the system performance by adding cold component connected by an imperfect switch with the same component belong to the set B of the systems components.
Reduction method
In this method, the system is improved by improving the set A of the system components, such that |A| = r, 0 < r ≤ N , N = n i=1 m i . We reduced the failure rates of the components belong to the set A by the factor ρ, 0 < ρ < 1. In each subsystem we reduce the failure rate for some of its components say the set A i , where
Let R ij,ρ (t) be the reliability function of the component j in subsystem i, that improved by reduction method. Let R A i ,ρ (t) be the reliability function of the subsystem i, when the set of its components, A i are improved by reduction method.
and
Then the reliability function of the improved system using the reduction method, R
Hot duplication method
In this method, the system is improved by improving the set B of the system components, such that
In each subsystem we improve some of its components say the set B i , where
Let R H ij (t) be the reliability function of the component j in subsystem i, that improved by hot duplication method. R H i (t) be the reliability function of the subsystem i, when the set of its components, B i are improved by hot duplication method.
The reliability function of the improved system by using the hot duplication method is obtained as follows
The MTTF, is
Cold duplication with perfect switch method
In this method, the system is improved by improving the set B of the system components, such that |B| = c, 0 < c ≤ N . In each subsystem we improve some of its components say the set B i , where
If any component of these components improved according to this method fails, the switch will convert to the standby component with probability 1.
Let R C ij (t) be the reliability function of the component j in subsystem i, that improved by cold duplication method. R C i (t) be the reliability function of the subsystem i, when the set of its components, B i are improved by cold duplication method.
The reliability function of the improved system by using the cold duplication method is obtained as follows.
Cold duplication with imperfect switch method
In this method, the system is improved by improving the set B of the system components, such that |B| = p, 0 < p ≤ N . In each subsystem we improve some of its components say the set B i , where
n i=1 p i = p and letB, |B| = n − p, refers to the other not improved components. If any component of these components improved according to this method fails, the switch will convert to the standby component with probability less than 1.
Let R I ij (t) be the reliability function of the component j in subsystem i, that improved by imperfect duplication method. R I i (t) be the reliability function of the subsystem i, when the set of its components, B i are improved by cold duplication method with imperfect switch. In this method, the switches have linear failure rate distribution with parameters α ij and β ij .
The MTTF is
Reliability Equivalence Factor
The reliability equivalence factor, ρ D (α), D = H, C and I, is the factor by which the failure rates of the original system components should be reduced to equal the failure rates of the improved system according to hot (cold with perfect switch, cold with imperfect switch) duplication method. Then, ρ D (α) is the solution of two equations:
This system of equations has no closed form of solution, so we must use some Numerical Techniques to solve this system.
δ-Fractiles
In this section we introduced the δ-fractiles of the original system and improved systems. Let L(δ) be the δ-fractile of the original system and L D B (δ) denotes the δ-fractile of the improved system obtained by improving the set B of components according to duplication methods.
The fractile L(δ) of the original system can be found by solving the following equation with respect to L:
Substituting from Eq. (1) into Eq. (12), we have
The fractile L D B (β) can be found by solving the following equation with respect to L:
Substituting from Eq. (5), (7) and (9) into Eq. (14) we can obtain L D (δ), D = H, C and I of the hot (cold and cold with imperfect switch), δ-fractiles which have not closed solution in L and we have to use the numerical technique methods.
Numerical Results
In this section we study the radar system as an example for a series-parallel system which consists of two subsystems (i = 1, 2) such that the first subsystem consists of one component (m 1 = 1) and the second subsystem consists of two components connected on parallel (m 2 = 2). The first and the second subsystems are connected on series (n = 2) as shown in Figure 2 , see [1] . 4. The set B of system components are improved according to one of the previous duplication methods, where B = B 1 ∪ B 2 to improve the system reliability, B i the set of system components that improved from subsystem i, i = 1, 2.
5. In the reduction method, we reduce the failure rates of the set A = A 1 ∪ A 2 , by the same factor ρ, A i the set of system components that improved by reduction method from subsystem i, i = 1, 2.
For this example, the mean time to failure for the Radar system (original system) is 2.2103. It seems from the results shown in Tables 1, 2 and Figures 2 to 6 that:
4. The cold duplication method is the best method to improve system reliability and cold duplication with imperfect switch method is much better than the hot duplication method. Tables 3-5 show the reliability equivalence factors of the improved systems using each duplication method and A, B. According to the results presented in Tables 2-5 , at α = 2, it may be observed that:
